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We study the behavior of globally coupled maps when the coupling mean field is either delayed or averaged
over several time steps. We find that introducing a delay does not reduce, and in some cases increases, the
saturation values for the fluctuations of the mean field. The mean field changes its quasiperiodic behavior by
introducing more components in its spectrum, and the distance between main components of this spectrum is
reduced in a linear way. On the other hand, averaging the mean field reduces the saturation value for fluctua-
tions, but does not fully restore statistical behavior to the system except in the limit of very large averages. As
before, quasiperiodicity is changed by the introduction of more beating frequencies, and the distance between
the most important among them decreases linearly. As an extra test, we study the effects that a small periodic
driving has over this dynamics, and find that although there is some influence, there are not strong resonances
to simple sinusoidal driving.S1063-651X96)02412-9

PACS numbdis): 05.45+b, 47.52:+j

There has been in recent years sustained interest in thduced as a simplifying limita mean field approagho local
dynamics of large lattices of coupled chaotic systdrs  couplings, which are usually diffusive. One aspect of this use
These models give simple approximations to many interestof GCMs that is not satisfactory is the fact that, even though

ing physical models, such as coupled Josephson junctiongnder local dynamics information takes time to travel though

multimode lasers, arrays of coupled nonlinear circuits, etc. AN€ lattice, in the globally coupled limit all effects are always
Jnstantaneous. As an approximate way of considering the

(GCMs), where the dynamics is discrete and the coupling istjenrﬁ\sl?l\?vaeblﬁaggli%ﬂ{ggt?ﬁgaé:ﬁ;ﬁg: |(r)1fI0Gch|3|/Sc?Jlrleleerd sgti

made global. delay and averagingin time) of the mean field. Two ex-
For these systems, a problem that has attracted some gfmples are chosen here. One is Kaneko’s original model of a

tention is how close to statistical is the behavior of the sysglobally coupled lattice of logistic madg], a system with

tem when the dynamics of the local maps is chaotic and thénhe following equations:

coupling is weak. In this case, it is tempting to propose a

“simplicity hypothesis,” which says that since the chaotic Xn+1(1)=(1=€)f(xn(i)) + €hp,
behavior would give for independent maps invariant distri- 1 N @
butions with compact support, and the influence of the aver- hnENE f(x,(j)),  f(x)=1—ax?,

i=1

age is moderated by a small parameter, it could happen that

in t_he limit _of infinite lattices the average W0u|d. converge towherexn(i) is the local variable at location and iteration
a fixed point, therefore decoupling the maps; and that for Here ¢ is the alobal coupling. and the local ma
large but finite lattices this mean field would have a Gaussiat?('x (i) is normalize% by L e sgasgt,o avoid getting out Ofp
distribution (central limit theorem with a variance propor the range- 1<x=<1. The other test case is that of a lattice of

“0.“?" to 1N (law of large numbes These hypotheses were nonlinear optical elements susceptible of modeling via the
originally checked by Kaneki®], who found that the behav- )
Ikeda equation$4,6]

ior in most cases was clearly nonstatistical, i.e., that the fluc-
tuations of the mean field saturated at a finite value, as En+1(i)=A+Bf(E.(i))+€hy,
shown by their mean square deviatiddSD), and moreover, )
that this mean field developed some quasiperiodicity. This 1 ) .
phenomenon has been confirmed in several types of coupled h”EN-Zl f(En(i)), f(E)=EexpiE*E),
systems, and has been shown to survive, and in some cases =
to be enhanced, under the influence of noise or partial couvhere nowE is complex and represents the amplitude of the
pling [3]. slowly varying envelope of the electric field in a nonlinear

Global coupling can correspond in some cases to the a®ptical element.
tual physics of the systef,5], but in many cases is intro-

|. DELAY OF THE MEAN FIELD

*Electronic address: gperez@kin.cieamer.conacyt.mx For both systems, we have studied the effects of delaying
"Electronic address: sudeshna@iiap.ernet.in the mean fieldh by changingh,, to h,,_p in Egs.(1) and(2),
*Electronic address: cerdeira@ictp.trieste.it whereD denotes how many iteratiottsis delayed. We have
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FIG. 1. MSD of the mean field vs lattice size for the delayed 0.1 A I I I
logistic GCM. Parameters are given in the text. Here we are aver- 0 0.1 0.2 0.3 0.4 0.5
aging over 50 runs of 1024 iterations each, after a transient of Frequency

10 000 iterations. The error levels are of the same size or smaller

than the markers. ) -
FIG. 3. Power spectra for the mean field of the delayed logistic

GCM. The delays arda) D=0 (no delay, (b) D=4, and(c)
tested values ob from O (no delay up to 17. The param- p_ 16 parameters are given in the text. Here we have performed
eters used have been=1.99 ande=0.1 for the coupled the Fourier transform over runs of 1024 iterations, and averaged
logistic maps of Egs(1), andA=3,B=0.3, ande=0.1 for  over 50 such runs. The lattice contains 32 000 elements.
the lkeda mappings Eq&2). (Lattice sizes and running times
are indicated in the figure captionhe first important find- o affect the present evolution of the system over a span of
ing is that delaying the effects of the mean field does not inp jterations; this for a model where each individual oscilla-
any case destroy the subtle coherence responsible for ther is |osing track of its previous state exponentially fast, due
failure of the simplicity hypothesis, and saturation of thetg the existence of positive Lyapunov exponents. In this case,
MSD of h asN grows is actually enhanceddee Figs. 1 and however, the small quasiperiodic fluctuations that affect
2) Th|S iS in |tse|f a nontriViaI assertion, Since |t means thatfor |arge |attices manage to reproduce themse|ves even after
there are memory effects in the dynamics, which allow thqong delays.
sequence of past mean field§_p,hy-p-1,hn-p-2, ..., Delaying the mean field does have a clear influence in the
form of the quasiperiodicity of the system, as can be seen in
the Fourier spectra shown in Figs. 3 and 4. The main effect is
an increase in the number of peaks in the spectrum, and a
corresponding decrease in their separation. This decrease in
separation seems to be linear for the lkeda mappifEgs.

(2)], where one can fit the distance between the main peaks
in the spectruni{those closest taw=0) by an approximate
formula

10 ———rrr—— e ——r T ——rr

T TTTT
AR EIT:

delay
delay
delay
delay

T T
i
=N~ O

» O x =

0.1

MSD

1/Awp~(1/Awg)+aD, 3

. where D is the delay, and for the parameters used here,
¢ PO Awy=0.316-0.005 anda=1.005+0.006 (i.e., consistent
with a=1).
For the logistic mappings this particular behavior is not as
clear as in the lkeda system, but estimates made for the larg-
0.001 R BT BT BT est two peaks in the spectrutthose closest ta=0.5) show
10 100 1000 104 10 a behavior similar to the one given in E§), except that we
Lattice Size need here to consider odd and even valueb afeparately.
As before, the value found for the constantis consistent
FIG. 2. MSD of the mean field vs lattice size for the delayedWith a=1, suggesting an exceedingly simple rule for the
Ikeda GCM. Parameters are given in the text, and running times ar@ccumulation of new peaks in the spectrum: in practice, one
as in Fig. 1. The error levels are of the same size or smaller than thgets one new peak for each increase of the delay in one
markers. iteration.
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-04 -02 0 02 04 Ikeda GCM. Parameters are given in the text, and running times and
Frequency lattice size are as in Fig. 5. The error levels are of the same size or
smaller than the markers.

FIG. 4. Power spectra for the mean field of the delayed lkeda ] o
GCM. The delays arda) D=0 (no delay, (b) D=4, and(c)  We have tested values Bfup to 30. For this modification of
D=16. Parameters are given in the text. Here we have performethe dynamics one finds, as expecl&d that averaging over
the Fourier transform over runs of 1024 iterations, and averagegeveral iterations tends to reduce the level of the fluctuations
over 50 such runs. The lattice contains 40 000 elements. and therefore to render the system closer to statistical. We
should notice, however, the following two points: one, the
fluctuations inh show robustness, in the sense that, even if it

For both systems, we have studied the averaging of th& true that a time average over a few of them reduces the
mean field over a total P contiguous iterations by chang- level of saturation of its MSD, it does not restore its statisti-

Il. AVERAGING OF THE MEAN FIELD

ing h,, in Egs.(1) and(2) to hrF: where cal behavior. I_t just increases the_ val_uel\_bf/vhere the MSD_
- stops decreasing. Two, the quasiperiodicity of the mean field

p 1 is still manifest,(see Figs. 5 and)6and, at least for the case
hnEB]Z Py | of the Ikeda mappings, show a behavior similar to the one

found for delaying: the Fourier spectrum acquires more
peaks, and the distance among the two largest of ttiben

Lo T R ) two closest tow=0) decays linearly, following an approxi-
01 & * avgd. 1 E mate rule 1Awp~(1l/Aw;)+B(P—1). For the param-
e, a5 ] eters given, we have foundAw,;=0.39-0.01 and
- *., + avgd. 10 7 B=0.554+0.008.
001 ¢ : § *avgd- 30 For the logistic mappings, the trend towards multiplicity
i ¢ e e e e e e ] of peaks and the corresponding decrease in distance between
A 0001 & LI _ them is visible in the Fourier spectra, but not clearly enough
g N ICICIPRPR as to be unequivocally quantified.
0.0001 Sttt lll. PERIODIC DRIVING
- s ] The presence of quasiperiodicity in the mean field for
10-¢ & s globally coupled maps suggests a test of these systems for
F i possible resonant behavior. For the logistic model, we have
10-¢ T T T T done this by changing the action of the mean fieloh Egs.
10 100 1000 104 100 (1) to a mixtureeh,— ah,+ Bsin(nw), with e=a+ B (this
Lattice Size in order to keepx,41(i)|<1). We have kept=0.1, and

have checked the behavior bffor two values ofa, sweep-
FIG. 5. MSD of the mean field vs lattice size for the averagedind over the availables range. The most important result
logistic GCM. Parameters are given in the text. Here we are averh€re is a negative one: we do not find strong resonance in
aging over 50 runs of 1024 iterations each, after a transient othis system, even for the frequencies corresponding to the
10 000 iterations. The error levels are of the same size or smalldargest peaks in the nondriven spectrum.
than the markers. In the first test we have set=0.099 and3=0.001. Tak-
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0 0.1 02 0.3 0.4 05 Fourier transform over runs of 1024 iterations, and averaged over

50 such runs. The lattice contains 40 000 elements.
Frequency

the frequencies of the driving and its harmon{ggluding
FIG. 7. Power spectra for the mean field of the averaged logisti@liased harmonigs In no case have we seen a strong en-
GCM. Here we are averaging ovés) P=3, () P=10, and(cy  hancement of the main peaks of the spectrum due to the
P=30 iterations. Parameters are given in the text. We have pefP€riodic driving. )
formed the Fourier transform over runs of 1024 iterations, and av- Results similar to these were obtained for the lkeda map-
eraged over 50 such runs. The lattice contains 128 000 elements PiNgs, showing how the introduction of a very small driving
just adds a single spike to the spectrum, with no changes in
ing into account the size of the fluctuations loffor the ghef quatsr:perlodlf[: backgdrqu?d,dand ;hat Iar_ger t;ir;v(;ngs dot
nondriven system with the same valueefwe have that in elorm ne Spectrum and introduce harmonics, but does no
this case the autonomous fluctuations should have an ampﬁ_reate strong resonances. These two results indicate that the
tude around five times larger than the amplitude of the driv_quasiperiodic_:ity of the mean field cannat be enhanced by an
ing. For this case, there is essentially no response of thgxternal driving.

system to the periodic driving. The Fourier spectrum ob- In concluspn, we have found that the use of nonsimulta-
tained in this case is the same as for the nondriven case, with- 21> Mean fields in globally coupled maps affects the char-

s : : acter of their quasiperiodic behavior, increasing linearly the
gﬁﬁ/iﬁgd'tlon of an isolated spike at the frequency of the number of peaks in the spectra of their mean fields. The

In the second test we have set=0.09 andg=0.01 nonstatistical character of these mean fields is preserved, ex-

which gives an approximated ratio of amplitudes of autono-cept for the obvious case of time averages over very large

mous to driven fluctuations of 1 to 2, so that in this case th spans. Finally, we have not found strong resonance effects in
external driving is dominant. In this case we have observe ese systems.

very clear effects of the driving, but not the expected strong G. Perez and S. Sinha thank the ICTRiestd, where
resonances at the peak frequencies. Typically, the spectruthis work was started, for their hospitality. G. Perez ac-
shows a somewhat deformed version of the quasiperiodiknowledges support from CONACyTMexico), through
spectrum from the nondriven case, plus sevérabikes at  Grant No. 4178-E9405.
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